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Abstract
This paper is concerned with the application of finite element methods to obtain solutions
for steady fully developed second-grade flows in a curved pipe of circular cross-section and
arbitrary curvature ratio, under a given axial pressure gradient. The qualitative and quanti-
tative behavior of the secondary flows is analyzed with respect to inertia and viscoelasticity.
Key words. Second-grade fluid, curved pipe, fully developed flows, creeping viscoelastic
flows, inertial viscoelastic flows, finite elements.
1 Introduction
Fully developed viscous flow in a curved pipe with circular cross-section was first studied theo-
retically by Dean ([11], [12]) applying regular perturbation methods. He showed that for small
curvature ratio the flow depends only on a single parameter, the so-called Dean number. In [19],
Soh and Berger solved the Navier-Stokes equations for the fully developed flow of an homoge-
neous Newtonian fluid in a curved pipe of circular cross-section for arbitrary curvature ratio.
They solved numerically the Navier-Stokes system in the primitive variables form using a finite
difference scheme. Closed form perturbation solutions for a second order model were obtained
by several authors in the special case where the second normal stress coefficient is zero.
For this model, Jitchote and Robertson [17] obtained analytical solutions to the perturbation
equations and analyze the effects of non-zero second normal stress coefficient on the behaviour of
the solution. Theoretical results regarding this problem using a splitting method were obtained
by Coscia and Robertson [10].
Our aim here is to apply the finite element method to the second-grade model for fully
developped flows in a curved pipe and analyze the non-Newtonian effects of the flow. Quanti-
tative and qualitative behaviour of the axial velocity and the stream function of creeping and
inertial second-grade fluids are also studied. Similar techniques have been applied to other non-
Newtonian models (see [3], [4]).
The paper is organized as follows. In Section 2, we consider the governing equations and
rewrite the problem in an equivalent decoupled form, composed of a Stokes-like system and a
transport equation considered as two auxiliary linear problems. In order to describe the curved
pipe geometry, these equations are presented in non-dimensional polar coordinates in Section
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3. In Section 4, we outline tha discretization method using a finite element method to obtain
approximate solutions to the original problem. Finally, numerical experiments based on a de-
coupled fixed point algorithm are illustrated in Section 5. A systematic numerical study of the
qualitative behaviour of inertial and viscoelastic effects for a certain range of non-dimensional pa-
rameters (Reynolds number, viscoelastic coefficient and pipe curvature) associated to the model
is performed. The issue of increasing the values of the parameters for which the convergence of
the proposed iterative algorithm can be shown, is addressed by using a continuation method.
2 Governing equations
We consider steady isothermal flows of incompressible second-grade fluids in a curved pipe Ω ⊂
IR3 with boundary ∂Ω, constant circular cross–section ΩS of radius r with the line of centers
coiled in a circle of radius R (see Figure 1).
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Figure 1: Polar toroidal coordinates in a curved pipe.
The corresponding equations are given by

−µ∆u− α˜1u ·∇∆u+ρu ·∇u+∇π=∇· L˜(u) in Ω,
∇· u = 0 in Ω,
u = 0 on ∂Ω,
where u is the fluid velocity, π is the pressure, µ is the viscosity, ρ is the constant density, α˜1
and α˜2 are the Rivlin-Ericksen material constants, and L˜(u) is a nonlinear term given by
L˜(u)= α˜1∇u
T
(
∇u+∇uT
)
+ (α˜1 + α˜2)
(
∇u+∇uT
)2
.
We consider an adimensionalised formulation of the previous system by introducing the following
quantities
x = x˜
a
, u = u˜
U
, π = π˜a
µU
, (1)
where the symbol ˜ is attached to dimensional parameters (U represents a characteristic veloc-
ity of the flow). We also introduce the Reynolds number Re and two non–dimensional ratios
involving the constant material moduli α˜ and α˜2,
Re = ρUa
µ
, α1 =
Uα˜
µa
, α2 =
Uα˜2
µa
.
The dimensionless system takes the form

−∆u− α1u ·∇∆u+Reu ·∇u+∇π=∇· L(u) in Ω,
∇· u = 0 in Ω,
u = 0 on ∂Ω,
(2)
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with
L(u)=α1∇u
T
(
∇u+∇uT
)
+ (α1 + α2)
(
∇u+∇uT
)2
.
System (2) can be rewritten in the following equivalent form involving a Stokes system and a
transport equation,

−∆u+∇p = ̺ in Ω,
∇ · u = 0 in Ω,
u = 0 on ∂Ω,
̺+α1u ·∇̺=∇·
(
L(u)−Reu⊗ u−α1p∇u
T
)
in Ω,
(3)
where the new variable p is given by π = p+α1u ·∇p. In the following lemma, we (formally)
prove that if u is such that the operator I + α1u · ∇ is invertible, then problems (2) and (3) are
equivalent.
Lemma 1 If (u, p, ̺) is a strong solution of (3), then (u, p + αu · ∇p) is a strong solution of
(2). Conversely, if (u, π) is a strong solution for (2) and if I + α1u · ∇ is invertible, then
(u, (I + α1u · ∇)
−1π,̺) is a solution of (3).
Proof. Let (u, p,̺) be a solution of (3). Applying the operator I +α1u · ∇ to both sides of (3)1,
and taking into account (3)2-(3)4, we obtain(
I + α1u · ∇
)(
∆u+∇p
)
=
(
I + α1u · ∇
)
̺
= ∇ ·
(
L(u)−Reu⊗ u− α1p (∇u)
T )
= ∇ · L(u)−Reu · ∇u− α1∇
(
u · ∇p
)
+ α1∇ ·
(
∇p⊗ u
)
= ∇ · L(u)−Reu · ∇u− α1∇
(
u · ∇p
)
+ α1u · ∇(∇p)
= ∇ · L(u)−Reu · ∇u−∇
(
p+ α1u · ∇p
)
+
(
I + α1u · ∇
)
∇p.
Setting π = p+α1u · ∇p we easily see that (u, π) is a solution of (2). Conversely, let (u, π) be a
solution of (2). From (2)1, it follows that
− (I + α1u · ∇) ∆u+Re u · ∇u+∇π = ∇ · L(u).
This equation together with the fact that(
I + α1u · ∇
)
∇p−∇π = −α1∇ ·
(
p(∇u)T
)
,
gives (
I + α1u · ∇
)(
−∆u+∇p
)
= ∇ ·
(
L(u)−Reu⊗ u− α1p(∇u)
T
)
.
therefore, if the operator I + α1u · ∇ is invertible, we deduce that
−∆u+∇p =
(
I + α1u · ∇
)−1(
∇ ·
(
L(u)−Reu⊗ u− α1p(∇u)
T
))
≡ ̺.
This completes the proof. 
Throughout the paper, we consider the case of α1+α2 = 0, corresponding to a thermodynamical
compatibility condition. For a more detailed analysis of this problem see [9]. For simplicity, we
set α1 ≡ α.
3
3 Formulation in polar toroidal coordinates
Since we are interested in studying the behaviour of steady flows in a curved pipe with circular
cross-section, it is more convenient to use the polar toroidal coordinate system, in the vari-
ables (r˜, θ˜, s˜), defined with respect to the rectangular cartesian coordinates (x˜, y˜, z˜) through the
relations
x˜ = (R+ r˜ cos θ) cos s˜
R
, y˜ = (R+ r˜ cos θ) sin s˜
R
, z˜ = r˜ sin θ,
with 0 < r0 < R, 0 ≤ θ˜ < 2π and 0 ≤ s˜ < πR. Introducing the axial variable and the pipe
curvature ratio
s = s˜
r0
, δ = r0
R
,
the corresponding non-dimensional coordinate system is given by
x =
(
1
δ
+ r cos θ
)
cos(sδ), y =
(
1
δ
+ r cos θ
)
sin(sδ), z = r sin θ,
with δ < 1, 0 ≤ θ < 2π and 0 ≤ s < π
δ
(Here δ is the pipe curvature ratio.). Let us now formulate
problem (3) in this new coordinate system. To simplify the redaction we set
B1 = rδ sin θ, B2 = rδ cos θ, B = 1 + rδ cos θ.
By using standard arguments, we first rewrite the Stokes problem (3)1,2,3 in the toroidal coordi-
nates (r, θ, s), and obtain

Au+ 2
r2
∂v
∂θ
+ 2B2
rB2
∂w
∂s
+
B2+B22
(rB)2 u−
B1(B+B2)
(rB)2 v +
∂p
∂r
= ̺1,
Av − 2
r2
∂u
∂θ
− 2B1
rB2
∂w
∂s
+ B1(rB)2u+
B2+B21
(rB)2 v +
1
r
∂p
∂θ
= ̺2,
Aw − 2B2
rB2
∂u
∂s
+ 2B1
rB2
∂v
∂s
+
(
δ
B
)2
w + 1
B
∂p
∂s
= ̺3,
∂u
∂r
+ 1
r
∂v
∂θ
+ 1
B
∂w
∂s
+ B+B2
rB
u− B1
rB
v = 0,
(4)
where
Aζ = −∂
2ζ
∂r2
− 1
r2
∂2ζ
∂θ2
− 1
B2
∂2ζ
∂s2
− B+B2
rB
∂ζ
∂r
+ B1
r2B
∂ζ
∂θ
.
In the same way, the transport equation (3)4 reads as

̺1 + α
(
u ∂̺1
∂r
+ v
r
∂̺1
∂θ
+ w
B
∂̺1
∂s
)
= α
(
v
r
̺2 +
B2
rB
w ̺3
)
+ F1(u, p),
̺2 + α
(
u ∂̺2
∂r
+ v
r
∂̺2
∂θ
+ w
B
∂̺2
∂s
)
= −α
(
v
r
̺1 +
B1
rB
w ̺3
)
+ F2(u, p),
̺3 + α
(
u ∂̺3
∂r
+ v
r
∂̺3
∂θ
+ w
B
∂̺3
∂s
)
= αw
(
B1
rB
̺2 −
B2
rB
̺1
)
+ F3(u, p),
(5)
where Fi(u, p) =
(
∇ ·
(
L(u)− αp(∇u)T −Reu⊗ u
))
i
. We consider flows which are fully devel-
oped. The three components of the velocity are then independent of the variable s, i.e.
∂u
∂s
= ∂v
∂s
= ∂w
∂s
≡ 0, (6)
and consequently the axial component of the pressure gradient is a constant;
∂π
∂s
= −p∗. (7)
Our aim now is to deduce an information on ∂p
∂s
. Taking into account the fact that
π =
(
I + α
(
u ∂
∂r
+ v
r
∂
∂θ
+ w
B
∂
∂s
))
p,
4
we deduce from (6)-(7) that
∂π
∂s
= −p∗ =
(
I + α
(
u ∂
∂r
+ v
r
∂
∂θ
+ w
B
∂
∂s
))
∂p
∂s
,
and thus, (
I + α
(
u ∂
∂r
+ v
r
∂
∂θ
+ w
B
∂
∂s
)) (
∂p
∂s
+ p∗
)
= 0.
Since the operator I + α
(
u ∂
∂r
+ v
r
∂
∂θ
+ w
B
∂
∂s
)
is invertible, we obtain
∂p
∂s
= −p∗. (8)
A direct consequence of (6), (8) and (4)1,2,3 is that the auxiliary unknown ̺ is independent of
s, and
∂̺1
∂s
= ∂̺2
∂s
= ∂̺3
∂s
≡ 0. (9)
Taking into account (6), (8)-(9) and replacing in system (4)-(5), we easily see that the problem
of fully developed second grade fluid defined in
Σ =
{
(r, θ) ∈ R2 | 0 < r < 1, 0 6 θ < 2π)
}
,
reads as 

Au + 2
r2
∂v
∂θ
+
B2+B22
(rB)2 u−
B1(B+B2)
(rB)2 v +
∂p
∂r
= ̺1,
Av − 2
r2
∂u
∂θ
+ B1(rB)2u+
B2+B21
(rB)2 v +
1
r
∂p
∂θ
= ̺2,
Aw +
(
δ
B
)2
w − p
∗
B
= ̺3,
∂u
∂r
+ 1
r
∂v
∂θ
+ B+B2
rB
u− B1
rB
v = 0,
(10)
where
Aζ = −∂
2ζ
∂r2
− 1
r2
∂2ζ
∂θ2
− B+B2
rB
∂ζ
∂r
+ B1
r2B
∂ζ
∂θ
,
and 

̺1 + α
(
u ∂̺1
∂r
+ v
r
∂̺1
∂θ
)
= α
(
v
r
̺2 +
B2
rB
w ̺3
)
+ F1(u, p),
̺2 + α
(
u ∂̺2
∂r
+ v
r
∂̺2
∂θ
)
= −α
(
v
r
̺1 +
B1
rB
w ̺3
)
+ F2(u, p),
̺3 + α
(
u ∂̺3
∂r
+ v
r
∂̺3
∂θ
)
= α
(
B1
rB
w ̺2 −
B2
rB
w ̺1
)
+ F3(u, p).
(11)
We shall reformulate problem (10)-(11) in a suitable weak form. To this end, we first dot-
multiply both sides of the equations (10)1,2,3 by (rB)
2ζ, ζ ∈ H10 (Σ), and integrate by parts over
Σ. Observing that
(
Au, (rB)2ζ
)
=
(
−∂
2u
∂r2
− 1
r2
∂2u
∂θ2
− B+B2
rB
∂u
∂r
+ B1
r2B
∂u
∂θ
, (rB)2ζ
)
=
(
∂u
∂r
, ∂
∂r
((rB)2ζ)
)
+
(
∂u
∂θ
, ∂
∂θ
(B2ζ)
)
−
(
rB ∂u
∂r
, (B +B2)ζ
)
+
(
B ∂u
∂θ
, B1ζ
)
=
(
rB ∂u
∂r
, rB ∂ζ
∂r
+ (B +B2)ζ
)
+
(
B ∂u
∂θ
, B ∂ζ
∂θ
−B1 ζ
)
≡ a (u, ζ) ,
and (
∂p
∂r
, (rB)2ζ
)
= −
(
rB p, rB ∂ζ
∂r
+ 2(B +B2)ζ
)
≡ b1 (p, ζ) ,(
1
r
∂p
∂θ
, (rB)2ζ
)
= −
(
rB p,B ∂ζ
∂θ
− 2B1 ζ
)
≡ b2 (p, ζ) ,
5
we deduce that problem (10) can be written as follows

ai((u, v), ζ) + bi (p, ζ) = (σi, ζ) for all ζ ∈ H
1
0 (Σ) (i = 1, 2),
a3(w, ζ) =
(
r2B p∗ + σ3, ζ
)
for all ζ ∈ H10 (Σ),(
∂
∂r
(rBu) + ∂
∂θ
(Bv), ψ
)
= 0 for all ψ ∈ L20(Σ),
(12)
where σi = (rB)
2
̺i and
a1((u, v), ζ) = a(u, ζ) +
((
B2 +B22
)
u−B1(B +B2)v + 2B
2 ∂v
∂θ
, ζ
)
,
a2((u, v), ζ) = a(v, ζ) +
((
B2 +B21
)
v +B1u− 2B
2 ∂u
∂θ
, ζ
)
,
a3(w, ζ) = a(w, ζ) +
(
(rδ)2w, ζ
)
.
To deal with the transport equation, let us first observe that
(rB)3u∂̺i
∂r
= rBu∂σi
∂r
− 2(B +B2)uσi, (rB)
3 v
r
∂̺i
∂θ
= Bv ∂σi
∂θ
− 2B1vσi,
and thus (
̺i + α
(
u ∂̺i
∂r
+ v
r
∂̺i
∂θ
)
, (rB)3τ
)
= (σi, rBτ) + α
(
rBu∂σi
∂r
+ Bv ∂σi
∂θ
, τ
)
− 2 (((B + B2)u+B1v) σi, τ) for all τ ∈ L
2(Σ).
Multiplying both sides of (11) by (rB)3τ , we obtain
(rBσi, τ) + α
(
rBu∂σi
∂r
+Bv ∂σi
∂θ
, τ
)
= (Gi (u, p,σ) , τ) , (13)
where
G1 (u, p,σ) = (rB)
3F1(u, p) + α (2 ((B +B2)u −B1v)σ1 +Bv σ2 +B2wσ3) ,
G2 (u, p,σ) = (rB)
3F2(u, p) + α (2((B +B2)u−B1v)σ2 −Bv σ1 −B1w σ3) ,
G3 (u, p,σ) = (rB)
3F3(u, p) + α (2 ((B +B2)u −B1v)σ3 + (B1σ2 −B2σ1)w) .
4 Numerical approximation
4.1 Setting of the approximated problem
Let {Th}h>0 be a family of regular triangulations defined over the rectangle Σ. We consider the
following finite element spaces
Vh =
{
vh ∈ C(Σ) ∩H
1
0 (Σ) | vh|K ∈ P2(K) for all K ∈ Th
}
,
Mh =
{
qh ∈ C(Σ) ∩ L
2
0(Σ) | qh|K ∈ P1(K) for all K ∈ Th
}
,
Th =
{
τh ∈ L
2(Σ) | τh|K ∈ P1 for all K ∈ Th
}
.
For each K ∈ Th, with boundary ∂K, the inflow edge ∂K
− of K is defined by ∂K−(w) =
{s ∈ ∂K | w · (nr, nθ)(s) < 0} where (nr, nθ) is the outward unit normal vector to element K.
For s ∈ ∂K such that w · (nr, nθ)(s) 6= 0, we define the left hand and right hand limits τ
− and
τ+ as
τ−(s) = lim
ε→0−
τ(s+ εw(s)), τ+(s) = lim
ε→0+
τ(s + εw(s)).
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System (12)-(13) is approximated by the following coupled system
Find (uh ≡ (uh, vh, wh), ph,σh) ∈ (Vh)
3 ×Mh × (Th)
3 solution of

ai ((uh, vh), ζh) + bi (ph, ζh) = (σh,i, ζh) for all ζh ∈ Vh (i = 1, 2),
a3(wh, ζh) =
(
r2B p∗ + σh,3, ζh
)
for all ζh ∈ Vh,(
∂
∂r
(rBuh) +
∂
∂θ
(Bvh), ψh
)
= 0 for all ψh ∈Mh,
(14)
(rB σh,i, τh) + Bh (αuh, αvh, σh,i, τh) = (Gi(uh, ph,σh), τh) for all τh ∈ Th, (15)
where Bh defined by
Bh(u, v, σ, τ) =
(
rBu∂σ
∂r
+Bv ∂σ
∂θ
, τ
)
h
+ 12
((
∂
∂r
(rBu) + ∂
∂θ
(Bv)
)
σ, τ
)
−〈σ+ − σ−, τ+〉h,(u,v),
with
(ζ, ψ)h =
∑
K∈Th
∫
K
ζψ drdθ,
〈σ, τ〉h,(u,v) =
∑
K∈Th
∫
∂K−(rBu,Bv)
σ τ (rBunr +Bv nθ) ds.
By a standard integration by parts, we obtain
α
(
rBu∂σ
∂r
+Bv ∂σ
∂θ
, τ
)
h
= −α
(
rBu∂τ
∂r
+Bv ∂τ
∂θ
, σ
)
h
− α
((
∂
∂r
(rBu) + ∂
∂θ
(Bv)
)
σ, τ
)
+〈σ+, τ+〉h,(αu,αv) − 〈σ
−, τ−〉h,(αu,αv),
and deduce that the bilinear form Bh satisfies
Bh(αu, αv, σ, τ) = −α
(
rBu∂τ
∂r
+Bv ∂τ
∂θ
, σ
)
h
− α2
((
∂
∂r
(rBu) + ∂
∂θ
(Bv)
)
τ, σ
)
+〈σ−, τ+ − τ−〉h,(αu,αv).
Therefore, problem (15) can be equivalently written as(
σh,i, rBτh − α
(
rBu∂τh
∂r
+Bv ∂τh
∂θ
))
− α2
(
σh,i,
(
∂
∂r
(rBu) + ∂
∂θ
(Bv)
)
τh
)
+ 〈σ−h,i, τ
+
h − τ
−
h 〉h,(αu,αv) = (Gi(uh, ph,σh), τh) for all τh ∈ Th. (16)
4.2 Algorithm
The numerical algorithm to solve the approximated problem (14)-(16) is based on Newton’s
method, with the non-linear part explicitely calculated at each iteration step. As indicated
below, at each step of the linearization process, a Stokes system is solved for (u, p), a Poisson
equation is solved for the axial velocity w and a transport equation for σ.
• Given an iterate σkh ≡ (σ
k
h,1, σ
k
h,2, σ
k
h,3), find u
k
h ≡
(
ukh, v
k
h, w
k
h
)
and pkh solutions of the Stokes
system
(Pk)


ai
(
(ukh, v
k
h), ζh
)
+ bi
(
pkh, ζh
)
=
(
σkh,i, ζh
)
for all ζh ∈ Vh (i = 1, 2)
a3
(
wkh, ζh
)
=
(
r2B p∗ + σkh,3, ζh
)
for all ζh ∈ Vh(
∂
∂r
(
rBukh
)
+ ∂
∂θ
(Bvkh), ψh
)
= 0 for all ψh ∈Mh
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• Calculate the new iterate σk+1h as the solution of the following transport problem(
rBτh − α
(
rBukh
∂τh
∂r
+Bvkh
∂τh
∂θ
)
, σk+1h,i
)
− α2
((
∂
∂r
(
rBukh
)
+ ∂
∂θ
(
Bvkh
))
τh, σ
k+1
h,i
)
+
〈(
σk+1h,i
)−
, τ+h − τ
−
h
〉
h,(αuk
h
,αvk
h
)
=
(
Gi(u
k
h, p
k
h, σ
k
h), τh
)
for all τh ∈ Th
• Find (uk+1h , p
k+1
h ) solution of the Stokes system (Pk+1).
5 Numerical results
In order to study the non-Newtonian effects of the flows, we compare the quantitative and
qualitative behaviour of the axial velocity and the stream function of both creeping and inertial
flows of second-grade fluids. Using a continuation method on the characteristic parameters (the
Reynolds number Re and the viscoelastic parameter α), we obtain numerical results in different
flow situations. Introducing an adimensionalised stream function ψ we obtain the following
identities for the velocity,
u = − 1
rB
∂ψ
∂θ
, v = 1
B
∂ψ
∂r
.
5.1 Newtonian flows
It is interesting to compare the qualitative behaviour of the flow for second-grade fluids with that
of Newtonian fluids. For this purpose, we first consider typical contours of the axial velocity and
of the stream function in the case of Newtonian fluids. In the case of creeping fluids (Re=0),
a Poiseuille solution is displayed for a small curvature ratio (δ=0.001). There is no secondary
motion and the contours of the axial velocity w are circles, centered about the central axis (see
Figure 2a). In contrast, as can be seen in Figure 2b, the contours are shifted away from the
center towards the inner wall when the curvature ratio increases.
(a) δ = 0.001 (b) δ = 0.2
Figure 2: Qualitative behaviour of the axial velocity for creeping Newtonian flow.
For inertial Newtonian fluids (Re 6= 0) a slight curvature of the pipe axis induces centrifugal
forces on the fluid and consequently secondary flows, sending fluid outward along the symmetry
axis and returning along the upper and lower curved surfaces. A pair of symmetric vortices is
then superposed to the Poiseuille flow. This can be seen in Figure 3, where we contours of the
axial velocity and the stream-function are presented for Re = 5 and δ = 0.2.
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Figure 3: Qualitative behaviour of the streamlines and the axial velocity for Newtonian flows with
Re=5 and δ=0.2.
The solutions obtained with FEM and Robertson’s perturbation method show a good agreement,
in accordance with the predictions. In particular, for this value of the curvature ratio, we can
observe a shift from the center. The secondary flow is counter-clockwise in the upper half of the
cross–section and clockwise in the lower half. As already known, the streamlines corresponding to
-0.03
-0.025
-0.02
-0.015
-0.01
-0.005
 0
 0.005
 0.01
 0.015
 0.02
 0.025
 0.03
 0  10  20  30  40  50  60
min
max
ψmax
ψmin
Re
Figure 4: Profile of the extrema values of the stream function for inertial Newtonian flows.
the Newtonian flows show a qualitative and quantitative symmetry relatively to the axis r = 0.
To point out this phenomenon, and for comparison purposes, we first plot the profile of the
extrema values of the stream function for different Reynolds numbers. As can be seen in Figure
4, the modulus of the extrema increase with Reynolds numbers.
5.2 Creeping viscoelastic flows
In this section, we are interested in the viscoelastic behaviour of the fluid in the case of creeping
flows, and especially in the behaviour of the secondary motions. Our numerical results (using
the FEM) indicate changes in the flow characteristics and suggest that at zero Reynolds number,
fluid viscoelasticity promotes a secondary flow.
In a first step, we consider creeping fluids that are compatible with thermodynamics in the
sense that the motions meet the Clausius-Duhem inequality (the viscoelastic parameter α is
nonnegative). In Figure 5b and Figure 5d, the streamlines are plotted for α = 0.01 and α = 0.2.
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(c) α = −0.2 (d) α = 0.2
Figure 5: Qualitative behaviour of the streamlines and the axial velocity for creeping viscoleastic flows
with δ=0.2.
As in the Newtonian case, the secondary flows are characterized by two counter-rotating vortices
and their magnitude increase with the elastic level (see Figure 6b). The only difference is that
the flows remain symmetric relatively to an axis which is identical to the pipe centerline for α
small and slightly rotates clockwise when α increases (see Figures 5b and 5d).
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Figure 6: Profile of the extrema values of the stream function for creeping viscoelastic flows.
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In a second step, we consider creeping fluids that are not compatible with the thermodynamics (α
is negative). As in the positive case, the secondary flows involve non-zero values whose magnitude
increase with |α| (see Figure 6a). However, their behaviour is not similar. In particular, the
orientation of the contours of the stream function is opposite. Moreover, the flow is symmetric
relatively to an axis which is identical to the pipe centerline for |α| small, and slightly rotates
counter-clockwise when |α| increases (see Figures 5a and 5c).
5.3 Inertial viscoelastic flows
Now, we are concerned with second-grade fluids where the Reynolds number is non-zero, and
with the combined effect of inertia and viscoelasticity.
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Figure 7: Effect of the viscoelasticity on the streamlines with Re = 5 and δ = 0.2.
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Figure 8: Effect of the inertia on the streamlines with α = 0.1 and δ = 0.2.
As in the previous section, we first consider the case where the thermodynamics are satisfied.
Setting the Reynolds to 5 and increasing the viscoelastic parameter, we observe that the inertial
and creeping viscoelastic flows have the same behaviour: globally Newtonian, with lost of the
symmetry relatively to the horizontal axis (see Figure 7). This symmetry is recovered if we fix
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the viscoelastic parameter and increase the Reynolds number (see Figure 8). Also, the magnitude
of the secondary flows increase with α (see Figure 10b).
−0.00317
−0.00295
−0.00272
−0.00272
−0.00249
−0.00249
−0.00227
−0.00227
−0.00227
−0.00204
−0.00204
−0.00204
−0.00181
−0.00181
−0.00181
−0.00159
−0.00159
−0.00159
−0.00136
−0.00136
−0.00136
−0.00136
−0.00113
−0.00113
−0.00113
−0.00113
−0.000907
−0.000907
−0.000907
−0.000907
−0.00068
−0.00068
−0.00068
−0.00068
−0.000454
−0.000454
−0.000454
−0.000454
−0.000454
−0.000227
−0.000227
−0.000227
−0.000227
−0.000227
−7.54e−07
−7.54e−07
−7.54e−07
−7.54e−07
−7.54e−07 −7.54e−07 −7.54e−07
0.000226
0.000226
0.000226
0.000226
0.000226
0.000452
0.000452
0.000452
0.000452
0.000452
0.000679
0.000679
0.000679
0.000679
0.000679
0.000906
0.000906
0.000906
0.000906
0.00113
0.00113
0.00113
0.00113
0.00136
0.00136
0.00136
0.00136
0.00159
0.00159
0.00159
0.00181
0.00181
0.00181
0.00204
0.00204
0.00204
0.00226
0.00226
0.00249
0.00249
0.00272
0.00272
0.00294
0.00294
0.00317
←
←
−0.00215
−0.002
−0.00184
−0.00184
−0.00169
−0.00169
−0.00154
−0.00154
−0.00154
−0.00138
−0.00138
−0.00138
−0.00123−0.00123
−0.00123
−0.00108
−0.00108
−0.00108
−0.000922
−0.000922
−0.000922
−0.000922
−0.000769
−0.000769
−0.000769
−0.000769
−0.000615
−0.000615
−0.000615
−0.000615
−0.000462
−0.000462
−0.000462
−0.000462
−0.000308
−0.000308
−0.000308
−0.000308
−0.000308
−0.000155
−0.000155
−0.000155
−0.000155
−0.000155
−1.03e−06
−1.03e−06
−1.03e−06
−1.03e−06
−1.03e−06
−1.03e−06 −1.03e−06
0.000152
0.000152
0.000152
0.000152
0.000152
0.000306
0.000306
0.000306
0.000306
0.000306
0.000459
0.000459
0.000459
0.000459
0.000459
0.000613
0.000613
0.000613
0.000613
0.000767
0.000767
0.000767
0.000767
0.00092
0.00092
0.00092
0.00107
0.00107
0.00107
0.00123
0.00123
0.00123
0.00138
0.00138
0.00138
0.00153
0.00153
0.00153
0.00169
0.00169
0.00184
0.00184
0.00199
0.00199
0.00215
−0.00114
−0.00106
−0.00106
−0.000976
−0.000976
−0.000894
−0.000894
−0.000813
−0.000813
−0.000813
−0.000731
−0.000731
−0.000731
−0.00065
−0.00065
−0.00065
−0.000569
−0.000569
−0.000569
−0.000569
−0.000487
−0.000487
−0.000487
−0.000487
−0.000406
−0.000406
−0.000406
−0.000406
−0.000324
−0.000324
−0.000324
−0.000324
−0.000243
−0.000243
−0.000243
−0.000243
−0.000243
−0.000162
−0.000162
−0.000162
−0.000162
−0.000162 −8.01e−05
−8.01e−05
−8.01e−05
−8.01e−05
−8.01e−05
−8.01e−05
1.27e−06
1.27e−06
1.27e−06
1.27e−06
1.27e−06
1.27e−06
1.27e−06
8.27e−05
8.27e−05
8.27e−05
8.27e−05
8.27e−05
8.27e−05
0.000164
0.000164
0.000164
0.000164
0.000164
0.000245
0.000245
0.000245
0.000245
0.000245
0.000327
0.000327
0.000327
0.000327
0.000408
0.000408
0.000408
0.000408
0.00049
0.00049
0.00049
0.00049
0.000571
0.000571
0.000571
0.000571
0.000652 0.000652
0.000652
0.000734 0.000734
0.000734
0.000815
0.000815
0.000815
0.000897
0.000897
0.000978
0.000978
0.00106
0.00114
(a) α = −0.01 (b) α = −0.1 (c) α = −0.2
−0.000715
−0.000664
−0.000612
−0.000612
−0.000561
−0.000561
−0.000509
−0.000509
−0.000509
−0.000458
−0.000458
−0.000458
−0.000406
−0.000406
−0.000406
−0.000355
−0.000355
−0.000355
−0.000355
−0.000303
−0.000303
−0.000303
−0.000303
−0.000252
−0.000252
−0.000252
−0.000252
−0.000252
−0.000201
−0.000201
−0.000201
−0.000201
−0.000201
−0.000201
−0.000149
−0.000149
−0.000149
−0.000149
−0.000149
−0.000149
−9.76e−05
−9.76e−05
−9.76e−05
−9.76e−05
−9.76e−05
−9.76e−05
−9.76e−05
−4.62e−05
−4.62e−05
−4.62e−05
−4.62e−05
−4.62e−05
−4.62e−05
−4.62e−05
−4.62e−05
5.28e−06
5.28e−06
5.28e−06
5.28e−06
5.28e−06
5.28e−06
5.28e−06
5.28e−06
5.67e−05
5.67e−05
5.67e−05
5.67e−05
5.67e−05
5.67e−05
5.67e−05
5.67e−05
0.000108
0.000108
0.000108
0.000108
0.000108
0.000108
0.000108
0.00016
0.00016
0.00016
0.00016
0.00016
0.00016
0.000211
0.000211
0.000211
0.000211
0.000211
0.000211
0.000263
0.000263
0.000263
0.000263
0.000263
0.000314
0.000314
0.000314
0.000314
0.000366
0.000366
0.000366
0.000366
0.000417
0.000417
0.000417
0.000468
0.000468
0.000468
0.00052
0.00052
0.00052
0.000571
0.000571
0.000623
0.000623
0.000674
0.000726
−0.000702
−0.00065
−0.000597
−0.000545
−0.000492
−0.00044
−0.000387
−0.000387
−0.000387
−0.000335
−0.000335
−0.000335
−0.000335
−0.000282
−0.000282
−0.000282
−0.000282
−0.00023
−0.00023
−0.00023
−0.00023
−0.00023
−0.000177
−0.000177
−0.000177
−0.000177
−0.000177
−0.000125
−0.000125
−0.000125
−0.000125
−0.000125
−0.000125
−0.000125
−7.22e−05
−7.22e−05
−7.22e−05
−7.22e−05
−7.22e−05
−7.22e−05
−7.22e−05
−1.97e−05
−1.97e−05
−1.97e−05
−1.97e−05
−1.97e−05
−1.97e−05
−1.97e−05
−1.97e−05
−1.97e−05
3.28e−05
3.28e−05
3.28e−05
3.28e−05
3.28e−05
3.28e−05
3.28e−05
3.28e−05
3.28e−05
8.53e−05
8.53e−05
8.53e−05
8.53e−05
8.53e−05
8.53e−05
8.53e−05
0.000138
0.000138
0.000138
0.000138
0.000138
0.000138
0.00019
0.00019
0.00019
0.00019
0.00019
0.000243
0.000243
0.000243
0.000243
0.000243
0.000295
0.000295
0.000295
0.000295
0.000295
0.000348
0.000348
0.000348
0.0004
0.0004
0.0004
0.000453
0.000453
0.000505
0.000558 0.00061
0.000663
0.000716
−0.00111
−0.00102
−0.00094
−0.000857
−0.000857
−0.000773
−0.00069
−0.00069
−0.000607
−0.000607
−0.000524
−0.000524
−0.00044
−0.00044
−0.00044
−0.000357
−0.000357
−0.000274
−0.000274
−0.000274
−0.00019
−0.00019
−0.00019
−0.000107
−0.000107
−0.000107
−0.000107
−0.000107
−0.000107
−2.38e−05
−2.38e−05
−2.38e−05
−2.38e−05
−2.38e−05
−2.38e−05
−2.38e−05
−2.38e−05
−2.38e−05
5.95e−05
5.95e−05
5.95e−05
5.95e−05
5.95e−05
5.95e−05
5.95e−05
5.95e−05
0.000143
0.000143
0.000143
0.000143
0.000143
0.000226
0.000226
0.000226
0.000309
0.000309
0.000309
0.000393
0.000393
0.000476
0.000476
0.000559
0.000559
0.000643
0.000643
0.000726
0.000726
0.000809
0.000892
0.000976
0.00106
0.00114
(d) α = −0.25 (e) α = −0.3 (f) α = −0.35
−0.0015
−0.00139
−0.00127
−0.00127
−0.00116
−0.00116
−0.00105
−0.00105
−0.000934
−0.000934
−0.000821
−0.000821
−0.000708
−0.000708
−0.000708
−0.000594
−0.000594
−0.000594
−0.000481
−0.000481
−0.000481
−0.000367
−0.000367
−0.000367
−0.000254
−0.000254
−0.000254
−0.00014
−0.00014
−0.00014
−0.00014
−2.7e−05
−2.7e−05
−2.7e−05
−2.7e−05
−2.7e−05
−2.7e−05
−2.7e−05
8.64e−05
8.64e−05
8.64e−05
8.64e−05
0.0002
0.0002
0.0002
0.0002
0.000313
0.000313
0.000313
0.000427
0.000427
0.000427
0.00054
0.00054
0.00054
0.000654
0.000654
0.000654
0.000767
0.000767
0.00088
0.00088
0.000994
0.000994
0.00111
0.00111
0.00122
0.00122
0.00133
0.00145
0.00156
−0.002
−0.00186
−0.00172
−0.00158
−0.00158
−0.00144
−0.00144
−0.0013
−0.0013
−0.00116
−0.00116
−0.00102
−0.00102
−0.000875
−0.000875
−0.000875
−0.000734
−0.000734
−0.000734
−0.000593
−0.000593
−0.000593
−0.000452
−0.000452
−0.000452
−0.000312
−0.000312
−0.000312
−0.000312
−0.000171
−0.000171
−0.000171
−0.000171
−0.000171
−2.99e−05
−2.99e−05
−2.99e−05
−2.99e−05
−2.99e−05
0.000111
0.000111
0.000111
0.000111
0.000111
0.000252
0.000252
0.000252
0.000252
0.000393
0.000393
0.000393
0.000393
0.000534
0.000534
0.000534
0.000674
0.000674
0.000674
0.000815
0.000815
0.000815
0.000956
0.000956
0.000956
0.0011
0.0011
0.00124
0.00124
0.00138
0.00138
0.00152
0.00152
0.00166
0.0018
0.00194
−0.00236
−0.00219
−0.00203
−0.00186
−0.00186
−0.00169
−0.00169
−0.00153
−0.00153
−0.00136
−0.00136
−0.0012
−0.0012
−0.0012
−0.00103
−0.00103
−0.00103
−0.000863
−0.000863
−0.000863
−0.000697
−0.000697
−0.000697
−0.000531
−0.000531
−0.000531
−0.000365
−0.000365
−0.000365
−0.000365
−0.000199
−0.000199
−0.000199
−0.000199
−0.000199
−3.27e−05
−3.27e−05
−3.27e−05
−3.27e−05
−3.27e−05
0.000133
0.000133
0.000133
0.000133
0.000133
0.0003
0.0003
0.0003
0.0003
0.000466
0.000466
0.000466
0.000466
0.000632
0.000632
0.000632
0.000798
0.000798
0.000798
0.000964
0.000964
0.000964
0.00113
0.00113
0.00113
0.0013
0.0013
0.0013
0.00146
0.00146
0.00163
0.00163
0.00179
0.00179
0.00196
0.00213
0.00229
→
→
(g) α = −0.4 (h) α = −0.45 (i) α = −0.5
Figure 9: Effects of the viscoelasticity on the streamlines with Re = 5 and δ = 0.2 with α negative.
The case of negative viscoelastic parameters is more complex. When α is negative and small
(|α| = 0.01), the nature and magnitude of the flow is qualitatively identical to that of a Newtonian
fluid, the inertial effect being more pronounced and no effect due to viscoelasticity appears. When
|α| increases, the solution obtained by FEM shows reversal flows whose nature is very close to
that obtained in the case considered in the previous section when the secondary motion was
generated by fluid viscoelasticity.
Figure 9 presents the streamlines for different values of α in the interval [−0.01;−0.5]. For
α = −0.01 we are still in the Newtonian regime. Two counter-rotating vortices appear, and the
streamlines in the core region are more dense than elsewhere. However, in Figure 9b, a slight
modification is already visible with the displacement of the vortices towards the inner wall. As
|α| increases, these facts become more pronounced. The values between α = −0.3 and α = −0.2
seems to be critical. The distortion of the streamlines is even more dramatic, and in addition
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to the vortices described below, another couple of vortices appear in the core region (see Figure
9c). Interestingly, the values in this part of the cross-section have an opposite sign to the ones
near the boundaries, suggesting that the core is the transition region and that the reversal from
one state to another initiates there. This is confirmed by the results obtained for the cases where
α = −0.3,−0.35,−0.4, showing that the reversal secondary flows grow around the new couple of
vortices and that the changes occur from the core region to the regions near the boundary. It is
clear that the size and strength of the new pair of vortices is more important, while a slackening
of the streamlines and vortices corresponding to the Newtonian state is observed. In Figure 9g
the transition from one regime to the other is completed. Finally, for α = −0.45 due to the
combined effect of curvature and viscoelasticity, we observe a slight displacement of the center
of the vortices to the outer wall. The same modifications can be observed in the quantitative
bahaviour of the stream function. In particular, as can be seen in Figure 10a, the modulus
of the corresponding extremum values decrease for |α| ∈ [0, 0.25], achieves a critical value for
|α| ∈ [0.25, 0.3] and increase for |α| ≥ 0.3.
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Figure 10: Profile of the extrema values of the stream function for inertial viscoelastic flows with Re=5
and δ=0.2.
Let us now consider the reversal phenomenon. Fixing the parameters α, we study the effect of
fluid inertia. Setting α=−0.1 and δ=0.2, we present in Figure 11 the contour plots of the stream
function for different values of Re in the interval [0.5, 4]. For Re = 0.5, the viscoelasticity is
dominant and the inertial forces have no real effect on the secondary flows. For Re = 1.4,
some modifications occur. The streamlines in the core region appear to be less dense, the
size of the couple of vortices is smaller, the flow is driven near the wall pipe. Moreover, we
observe the formation of boundary layer flows, with a pair of weak and elongated vortices. As
Reynolds number increases, the boundary layer flows increase rapidly. The vortices in the core
region are weaker, while the streamlines near the pipe wall are more dense and distorted, and
a strenghthening of the new vortices becomes clear. There is evidence that in contrast with
the case where the viscoelasticity dominates, the wall pipe here is the transition region from
the viscoelastic state to the inertial one, and that the reversal flows, formed near the boundary
around the new vortices, develop and drive the flow to the center of the pipe. Finally, we
can conclude that for sufficiently large Reynolds number the secondary flows behave as in the
Newtonian case superimposing the α parameter influence.
13
−0.000896
−0.000832
−0.000768
−0.000768
−0.000704
−0.000704
−0.000641
−0.000641
−0.000577
−0.000577
−0.000513
−0.000513
−0.000513
−0.000449
−0.000449
−0.000449
−0.000385
−0.000385
−0.000385
−0.000321
−0.000321
−0.000321
−0.000321
−0.000257
−0.000257
−0.000257
−0.000257
−0.000193
−0.000193
−0.000193
−0.000193
−0.000129
−0.000129
−0.000129
−0.000129
−6.53e−05
−6.53e−05
−6.53e−05
−6.53e−05
−6.53e−05
−1.36e−06
−1.36e−06
−1.36e−06
−1.36e−06
−1.36e−06
−1.36e−06
6.26e−05
6.26e−05
6.26e−05
6.26e−05
6.26e−05
0.000126
0.000126
0.000126
0.000126
0.000126
0.00019
0.00019
0.00019
0.00019
0.000254
0.000254
0.000254
0.000254
0.000318
0.000318
0.000318
0.000382
0.000382
0.000382
0.000446
0.000446
0.000446
0.00051
0.00051
0.000574
0.000574
0.000638
0.000638
0.000702
0.000702
0.000766
0.000766
0.00083
0.000893
→
→
−0.000606
−0.000562
−0.000519
−0.000476
−0.000476
−0.000433
−0.000433
−0.00039
−0.00039
−0.000347
−0.000347
−0.000304
−0.000304
−0.000304
−0.000261
−0.000261
−0.000261
−0.000218
−0.000218
−0.000218
−0.000175
−0.000175
−0.000175
−0.000131
−0.000131
−0.000131
−0.000131
−8.83e−05
−8.83e−05
−8.83e−05
−8.83e−05
−4.52e−05
−4.52e−05
−4.52e−05
−4.52e−05
−4.52e−05
−2.14e−06
−2.14e−06
−2.14e−06
−2.14e−06
−2.14e−06
−2.14e−06
4.1e−05
4.1e−05
4.1e−05
4.1e−05
4.1e−05
8.41e−05
8.41e−05
8.41e−05
8.41e−05
0.000127
0.000127
0.000127
0.000127
0.00017
0.00017
0.00017
0.00017
0.000213
0.000213
0.000213
0.000256
0.000256
0.000256
0.0003
0.0003
0.0003
0.000343
0.000343
0.000386
0.000386
0.000429
0.000429
0.000472
0.000472
0.000515
0.000558
0.000601
−0.000367
−0.000339
−0.000311
−0.000283
−0.000283
−0.000255
−0.000255
−0.000227
−0.000227
−0.000199
−0.000199
−0.000171
−0.000171
−0.000143
−0.000143
−0.000143
−0.000115
−0.000115
−0.000115
−8.7e−05
−8.7e−05
−8.7e−05
−5.89e−05
−5.89e−05
−5.89e−05
−3.08e−05
−3.08e−05
−3.08e−05
−3.08e−05
−3.08e−05
−2.8e−06
−2.8e−06
−2.8e−06
−2.8e−06
−2.8e−06
−2.8e−06
−2.8e−06
−2.8e−06
−2.8e−06
−2.8e−06
2.53e−05
2.53e−05
2.53e−05
2.53e−05
2.53e−05
2.53e−05
5.33e−05
5.33e−05
5.33e−05
8.14e−05
8.14e−05
8.14e−05
0.000109
0.000109
0.000109
0.000137
0.000137
0.000137
0.000166
0.000166
0.000166
0.000194
0.000194
0.000222
0.000222
0.00025
0.00025
0.000278
0.000278
0.000306
0.000306
0.000334
0.000362
0.00039
(a) Re = 0.5 (b) Re = 1.0 (c) Re = 1.4
−0.000282
−0.00026
−0.000239−0.000217
−0.000217
−0.000196
−0.000175
−0.000175
−0.000153
−0.000153
−0.000132
−0.000132
−0.00011 −0.00011
−8.88e−05
−8.88e−05
−8.88e−05
−6.74e−05
−6.74e−05
−6.74e−05
−6.74e−05
−6.74e−05
−4.59e−05
−4.59e−05
−4.59e−05
−4.59e−05
−4.59e−05
−4.59e−05
−4.59e−05
−2.45e−05
−2.45e−05
−2.45e−05
−2.45e−05
−2.45e−05
−2.45e−05
−2.45e−05
−3.07e−06
−3.07e−06
−3.07e−06
−3.07e−06
−3.07e−06
−3.07e−06
−3.07e−06
−3.07e−06
−3.07e−06
−3.07e−06
−3.07e−06
1.84e−05
1.84e−05
1.84e−05
1.84e−05
1.84e−05
1.84e−05
1.84e−05
1.84e−05
3.98e−05
3.98e−05
3.98e−05
3.98e−05
3.98e−05
3.98e−05
3.98e−05
6.12e−05
6.12e−05
6.12e−05
6.12e−05
6.12e−05
6.12e−05
8.27e−05
8.27e−05
8.27e−05
8.27e−05
0.000104
0.000104
0.000126
0.000126
0.000147
0.000147
0.000168
0.000168
0.00019
0.00019
0.000211
0.000233
0.000254
0.000276
0.000297
−0.000206
−0.00019
−0.000175
−0.000175
−0.000159
−0.000159
−0.000159
−0.000143
−0.000143
−0.000143
−0.000128
−0.000128
−0.000128
−0.000112
−0.000112
−0.000112
−0.000112
−0.000112
−9.67e−05
−9.67e−05
−9.67e−05
−9.67e−05
−9.67e−05
−8.11e−05
−8.11e−05
−8.11e−05
−8.11e−05
−8.11e−05
−8.11e−05
−6.55e−05
−6.55e−05
−6.55e−05
−6.55e−05
−6.55e−05
−6.55e−05
−5e−05
−5e−05
−5e−05
−5e−05
−5e−05
−5e−05
−3.44e−05
−3.44e−05
−3.44e−05
−3.44e−05
−3.44e−05
−3.44e−05
−3.44e−05
−1.88e−05
−1.88e−05
−1.88e−05
−1.88e−05
−1.88e−05
−1.88e−05
−1.88e−05
−1.88e−05
−3.25e−06
−3.25e−06
−3.25e−06
−3.25e−06
−3.25e−06
−3.25e−06
−3.25e−06
−3.25e−06
−3.25e−06
1.23e−05
1.23e−05
1.23e−05
1.23e−05
1.23e−05
1.23e−05
1.23e−05
1.23e−05
1.23e−05
2.79e−05
2.79e−05
2.79e−05
2.79e−05
2.79e−05
2.79e−05
2.79e−05
4.35e−05
4.35e−05
4.35e−05
4.35e−05 4.35e−05
4.35e−05
4.35e−05
5.9e−05
5.9e−05
5.9e−05
5.9e−05
5.9e−05
5.9e−05
7.46e−05
7.46e−05
7.46e−05
7.46e−05
7.46e−05
7.46e−05
9.02e−05
9.02e−05
9.02e−05
9.02e−05
9.02e−05
9.02e−05
0.000106
0.000106
0.000106
0.000106
0.000121
0.000121
0.000121
0.000121
0.000137
0.000137
0.000137
0.000152
0.000152
0.000152
0.000168
0.000168
0.000168
0.000184
0.000184
0.000199
0.000215
−0.000278
−0.000258
−0.000238
−0.000238
−0.000218
−0.000218
−0.000198
−0.000198
−0.000198
−0.000178
−0.000178
−0.000178
−0.000158
−0.000158
−0.000158
−0.000138
−0.000138
−0.000138
−0.000138
−0.000138
−0.000118
−0.000118
−0.000118
−0.000118
−0.000118
−9.82e−05
−9.82e−05
−9.82e−05
−9.82e−05
−9.82e−05
−7.83e−05
−7.83e−05
−7.83e−05
−7.83e−05
−7.83e−05
−7.83e−05
−5.84e−05
−5.84e−05
−5.84e−05
−5.84e−05
−5.84e−05
−5.84e−05
−3.84e−05
−3.84e−05
−3.84e−05
−3.84e−05
−3.84e−05
−3.84e−05
−3.84e−05
−1.85e−05
−1.85e−05
−1.85e−05
−1.85e−05
−1.85e−05
−1.85e−05
−1.85e−05
−1.85e−05
1.41e−06
1.41e−06
1.41e−06
1.41e−06
1.41e−06
1.41e−06
1.41e−06
1.41e−06
1.41e−06
2.13e−05
2.13e−05
2.13e−05
2.13e−05
2.13e−05
2.13e−05
2.13e−05
2.13e−05
4.13e−05
4.13e−05
4.13e−05
4.13e−05
4.13e−05
4.13e−05
6.12e−05
6.12e−05
6.12e−05
6.12e−05
6.12e−05
6.12e−05
8.11e−05
8.11e−05
8.11e−05
8.11e−05
8.11e−05
0.000101
0.000101
0.000101
0.000101
0.000101
0.000121
0.000121
0.000121
0.000121
0.000121
0.000141
0.000141
0.000141
0.000161
0.000161
0.000161
0.000181
0.000181
0.000181
0.000201
0.000201
0.000201
0.000221
0.000221
0.00024
0.00024
0.00026
0.00026
0.00028
(d) Re = 1.6 (e) Re = 1.8 (f) Re = 2.0
−0.000563
−0.000523
−0.000523
−0.000483
−0.000483
−0.000442
−0.000442
−0.000402
−0.000402
−0.000402
−0.000362
−0.000362
−0.000362
−0.000321
−0.000321
−0.000321
−0.000281
−0.000281
−0.000281
−0.000281
−0.000241
−0.000241
−0.000241
−0.000241
−0.000201
−0.000201
−0.000201
−0.000201
−0.00016
−0.00016
−0.00016
−0.00016
−0.00012
−0.00012
−0.00012
−0.00012
−0.00012
−7.98e−05
−7.98e−05
−7.98e−05
−7.98e−05
−7.98e−05
−3.95e−05
−3.95e−05
−3.95e−05
−3.95e−05
−3.95e−05
−3.95e−05
7.57e−07
7.57e−07
7.57e−07
7.57e−07
7.57e−07
7.57e−07
7.57e−07
4.1e−05
4.1e−05
4.1e−05
4.1e−05
4.1e−05
8.13e−05
8.13e−05
8.13e−05
8.13e−05
8.13e−05
0.000122
0.000122
0.000122
0.000122
0.000122
0.000162
0.000162
0.000162
0.000162
0.000162
0.000202
0.000202
0.000202
0.000202
0.000242
0.000242
0.000242
0.000242
0.000283
0.000283
0.000283
0.000283
0.000323
0.000323
0.000323
0.000363
0.000363
0.000363
0.000404
0.000404
0.000444
0.000444
0.000484
0.000484
0.000524
0.000524
0.000565
−0.00215
−0.002
−0.00184
−0.00184
−0.00169
−0.00169
−0.00154
−0.00154
−0.00154
−0.00138
−0.00138
−0.00138
−0.00123−0.00123
−0.00123
−0.00108
−0.00108
−0.00108
−0.000922
−0.000922
−0.000922
−0.000922
−0.000769
−0.000769
−0.000769
−0.000769
−0.000615
−0.000615
−0.000615
−0.000615
−0.000462
−0.000462
−0.000462
−0.000462
−0.000308
−0.000308
−0.000308
−0.000308
−0.000308
−0.000155
−0.000155
−0.000155
−0.000155
−0.000155
−1.03e−06
−1.03e−06
−1.03e−06
−1.03e−06
−1.03e−06
−1.03e−06 −1.03e−06
0.000152
0.000152
0.000152
0.000152
0.000152
0.000306
0.000306
0.000306
0.000306
0.000306
0.00046
0.00046
0.00046
0.00046
0.00046
0.000613
0.000613
0.000613
0.000613
0.000767
0.000767
0.000767
0.000767
0.00092
0.00092
0.00092
0.00107
0.00107
0.00107
0.00123
0.00123
0.00123
0.00138
0.00138
0.00138
0.00153
0.00153
0.00153
0.00169
0.00169
0.00184
0.00184
0.00199
0.00199
0.00215
−0.0054
−0.00502
−0.00463
−0.00463
−0.00425
−0.00425
−0.00386
−0.00386
−0.00386
−0.00347
−0.00347
−0.00347
−0.00309
−0.00309
−0.00309
−0.0027
−0.0027
−0.0027
−0.00232
−0.00232
−0.00232
−0.00232
−0.00193
−0.00193
−0.00193
−0.00193
−0.00155
−0.00155
−0.00155
−0.00155
−0.00116
−0.00116
−0.00116
−0.00116
−0.000775
−0.000775
−0.000775
−0.000775
−0.000775
−0.000389
−0.000389
−0.000389
−0.000389
−0.000389
−3.48e−06
−3.48e−06
−3.48e−06
−3.48e−06
−3.48e−06
−3.48e−06 −3.48e−06
0.000382
0.000382
0.000382
0.000382
0.000382
0.000768
0.000768
0.000768
0.000768
0.000768
0.00115
0.00115
0.00115
0.00115
0.00115
0.00154
0.00154
0.00154
0.00154
0.00192
0.00192
0.00192
0.00192
0.00231
0.00231
0.00231
0.0027
0.0027
0.0027
0.00308
0.00308
0.00308
0.00347
0.00347
0.00347
0.00385
0.00385
0.00385
0.00424
0.00424
0.00462
0.00462
0.00501
0.00501
0.00539
←
←
(g) Re = 2.5 (h) Re = 5.0 (i) Re = 10.0
Figure 11: Effects of the inertia on the streamlines with α = −0.1 and δ = 0.2.
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Figure 12: Profile of the extrema values of the stream function for inertial viscoelastic flows with
α=−0.01 and δ=0.2.
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6 Conclusion
The finite element numerical simulations presented in this work provide relevant information
on the qualitative and quantitative behaviour of steady fully developed flows of second-grade
fluids in curved pipes of circular cross section and arbitrary curvature ratio, driven by a pressure
drop. As stated above, the main feature of curved pipe flows is the existence of secondary
motions which are clearly related to small changes with respect to the different parameters of
the problem. The numerical tests presented here show that secondary flows are promoted by both
viscoelasticity and inertia with a globally newtonian behaviour when the fluids are compatible
with the thermodynamics. The more complex case of negative viscoelastic parameters show that
the viscoelasticity and the inertia have opposite effects.
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